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Question sheet Il

1. Spin-polarized HF electron gas
Investigate under which conditions a fully spin-polarized HF electron gas with all
electrons in a spin-up state has a lower energy than a normal HF electron gas, in
which each each HF single-electron orbital is doubly occupied by a spin-up and a
spin-down electron.

Ground state energy of the normal HF electron gas without spin polarization:
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Ground state energy of the fully spin-polarized HF electron gas obtained from the
above expression by replacing ke by 23k
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Condition for spin-polarized ground state:

3@k f 3 e’(2%k)_3n%kE 3 ek
5 2m 16 x%, 52m 167’

B L o ome 5 1 1
2 2P 14 272V +1a,

= r,>545

Prediction of a normal to ferromagnetic transition at low densities. However, the
value of rs = 5.45 is not realistic since this is in the range of common metal carrier
densities, and ordinary metals are not spin-polarized. By taking into account
correlations of the jellium model, the value of rs at which the transition is
expected is shifted to rs = 75.

2. Density functional theory
Write an essay about density functional theory (DFT). For which problems is
DFT particularly powerful, for which problems is DFT less suitable ?

- Hohenberg-Kohn theorem, determination of ground state density from Kohn-

Sham equations; local density approximation
- Order N scaling to obtain exact ground state energy and density
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- Very accurate (1%) determination of binding energies, bond lengths,
vibrational frequencies etc.

- Can be coupled to molecular dynamics for atomistic simulations (surface
diffusion, protein folding, etc.)

- No justification for interpretation of ¢ in Kohn-Sham equations as
quasiparticle energies, therefore application to band structure calculation not
straightforward.

- Size limitation to N = 1000-10000, picosecond timescales.

3. Ground state energy in Density Functional theory
Show that the ground state energy in Density-Functional Theory is given by:
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- Multiply Kohn-Sham equations with 4°(F) , and integrate over r:
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- Compare terms with:
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Local Density approximation (see below)
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5. Provide an argument why the imaginary part of the dielectric function of a
homogeneous electron gas is zero at @ =0: &,(q,@=0)=0

Hint: Consider the condition on momentum conservation that is implied in the
expression below for &, and determine the region in phase space which satisfies
this condition.
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Inserting plane waves for the wavefunctions one obtains k’=k+q. For ®=0 the
energy conservation condition and the condition imposed by the occupation factor
is only satisfied on a 1D ring perpendicular to g, the radius of which shrinks to
zero as q approaches 2kg. For the 2D integration in k-space which is left to do
after the delta function introduced by the momentum conservation, this is a
surface of zero area.

6. Weiss mean field theory of magnetism
Show that for a system of independent paramagnetic moments of total spin S in an
external magnetic field B the magnetisation is given by:
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Hint: Start with the expression below for the magnetisation in thermodynamic
equilibrium, where n is the concentration of paramagnetic moments, and derive a
system. Calculate the partition function, and then use the relationship between Z
and M to calculate the magnetisation.
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The partition function is given by:
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Explain how this result can be used to calculate the magnetisation as a function of
temperature of a ferromagnet in mean field theory.

Introduce molecular field By = AM which adds to the external field, and can then
be treated formally in the same way as the paramagnet case. Equation involving
Brillouin function can be solved graphically (see lecture notes).

7. Uniaxial ferromagnet
A uniaxial ferromagnet is described by the Hamiltonian:

H= —ZZJOS '§i+1 - ZZKOSiZ -S;
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(a) Discuss the physical origin of the second term in the Hamiltonian.
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Uniaxial magnetocrystalline anisotropy, z-axis is the easy axis of
magnetization

(b) Show that the state with all spins fully aligned along the z-axis is an eigenstate
of the Hamiltonian.
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(c) Obtain an expression for the spinwave spectrum as a function of wave vector
g, if the ferromagnet is a one-dimensional chain.
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(d) Compare your results with the spin-wave spectrum obtained for the
Heisenberg model without the second term.

Question sheet AQCMP 2011 6



Excitation gap proportional to 2K, at low wavevector induced by the
magnetocrystalline anisotropy, prevents divergence of number of magnons in
1D (and 2D)

(e) Deduce the temperature dependence at low temperatures for the number of
spin waves for the Heisenberg model (Ko = 0) and the Ising model (Jo = 0) for
each of the three structures above. Show that there is no long range order
above absolute zero for the Heisenberg model in one or two dimensions.
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8. Heisenberg Hamiltonian in 2D

H=-03, 58]+ (55 +55))

H |q>=—%zleiq&J[(8N —8)%—8%}+J[|I—1>X F14+1>, +[1=1>, +[1+1> ]

E=-2N-4)J —2J(cosqxa+cosqya)
=-2NJ +J(4—2(cosqxa+cosqya))
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